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Abstract

The main aim of the study was to identify the ability to use mathematical notions in everyday life and the
capacity to make connections starting from the poor results that Romania registers in the PISA tests. On
the other hand, the results of the research applied to a group of 200 first-year students confirmed the
inability to make connections between theory and real life. Linear algebra is an important discipline and
very difficult for most students. The main obstacle is modeling the real problems in abstract concepts of
algebra. So it is very important to help students understand how to “translate” real-life problems in linear
algebra concepts and then how to solve them using different examples and finally presenting the global
theory. This research shows how it is possible for a professor to teach the algorithm for problem-solving in
linear algebra and how to guide the students to find the solutions. We present the possibility of introducing
the concepts of the compatibility of the systems of linear equations using examples and graphics.
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1. Introduction

According to the website of the Romanian Ministry of Education (www.edu.ro), the
Programme for International Student Assessment (PISA) has been taking place in Romania since
2000. Within the program, the most extensive international evaluation in the field of education is
carried out, an evaluation in which more than 70 countries participate. The purpose of the tests is
to measure the skills needed by students at the end of the compulsory education cycle (15-16
years) in the fields of reading, sciences, and mathematics from the perspective of life preparation
and integration into the labor market.

Regarding the results obtained in Romania in mathematics, we note that in 2018 they are
higher compared to those in 2006 and 2009 but decreasing compared to those obtained in 2012
and 2015. Table 1 shows the scores recorded by Romania at the PISA Mathematics Tests from
2000 to 2018 and the averages recorded by the participating countries.

Table 1. The scores recorded by Romania and the average scores at PISA Mathematics Tests

from 2000 to 2018
Year Score The average score in Position
Romania math
2000 426 500 -
2003 absent - -
2006 415 498 42
2009 427 496 42
2012 445 494 45 of 65
2015 444 490 46 of 70
2018 430 489 52 of 78

In addition, Romania's score is below the average score calculated by the Organization for
Economic Cooperation and Development (OECD). According to www.edu.ro, the main factor
influencing student performance in the PISA tests is the socioeconomic status of the student's
families. The statistical data recorded also showed significant disparities in results between
schools. What does this mean? That there is a tendency to group students with very good results
in performing schools. In addition, it was observed that the correlation between the level of
preparation of the students and the level of education of the teachers is a weak one, although more
than 49% of the teachers in the participating schools (the average of the participating countries
being of 44%) have taken master's courses. The teacher's attitude towards the act of teaching and
the enthusiasm shown in the didactic activity, however, significantly influence the students'
results.

The question remains: why Romania registers poor results in the Pisa mathematics tests?
The answer is as simple as possible: the Pisa tests analyze the degree of understanding and the
ability to use mathematical notions in everyday life, the ability to reason quantitatively to
understand relationships or interdependencies in the form of graphs, charts, or tables. All the
while, blasé teachers without enthusiasm for the act of teaching emphasize solving algorithms,
and formulas, without the intention of connecting with real life and answering questions like
"Why do we need this?".

Understanding Science in general and mathematics, in particular, is necessary not only for
those whose careers directly depend on it but also for those who wish to make assumed decisions
in their personal life. Math problems in school can help us solve personal problems such as
calculating a balanced diet, calculating the risk of certain investments, finding the optimum in a
personal car travel problem, and so on. Unlike other exact sciences such as biology, physics, and
chemistry, the connections of mathematics with reality are not so easy to notice, although the
academician Solomon Marcus called mathematics “a bridge between all disciplines” (Marcus,
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2010). Emphasizing the strong interdisciplinary character of mathematics creates strong
motivations for learning it. The principle of correlation between theory and practice emphasizes
the fact that all acquired notions will be capitalized.

We also analyzed the results obtained by a group of 200 students in Engineering in the first
course, in the first year, during an initial test regarding systems of linear equations. The main aim
of the study was to identify the ability to use mathematical notions in everyday life and the
capacity to make connections. The method of data collection is a mathematical test and a
questionnaire, which allows for obtaining quantitative data and their analysis using statistical
information programs.

2. Systems of Equations: Different Views

2.1. About mathematical modeling

According to Haines and Crouch (Haines & Crouch, 2007), mathematical modeling is, on
the one hand, a cyclical process represented in the following diagram.

|F:r:a| life |:|r|:||:-|r:rr||

| Solutions l

On the other hand, Vesschaffel, Greer, and De Corte (2002) see mathematical modeling as
a process in which day-by-day problems are reformulated by using mathematics. The ability to
translate a real-life situation into mathematical language implies that students have other soft
skills such as estimation, spatial reasoning, and interpretation beyond hard skills such as
computational (Lehrer & Schauble, 2003). So, starting from a concrete situation, students must go
through a process named modeling to obtain an abstract model, which is the product of modeling
(Sriraman, 2006).

In 2016, Biembengut (2016) specify that "Modelling is a teaching method with research in
school boundaries and spaces, in any subject and stage of schooling: from the initial years of
elementary school to the end of higher education or postgraduate courses." When the topic of
systems is brought up in upper elementary school, students face real modeling concepts.
Unfortunately, this cycle is interrupted since high school, and after, in the higher education cycle,
abstraction and theorizing are used a lot.

Starting from the mathematical modeling cycle proposed by Blum and Leif in 2007 (Blum
& Leif, 2007) we identify seven steps: to present the real situation, to structure this real situation,
to get a real model, to translate it into a mathematical model, to find mathematical results, to
compare and explain real results.

Equations and systems of equations are closely related to their application in everyday life.
We will approach the topic of solving systems of equations from two perspectives: what need
students to know about systems of equations and their solutions to be able to use them in real life
and the second perspective, how students deal with systems in an upper algebra course.
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2.2. Teaching systems in secondary school

Next, we present to our students a real situation. Every year the municipality organizes a
sports marathon for children and adults in our city. The funds collected that year are donated to a
school in the city for the rehabilitation of the sports hall. Knowing how many participants there
were last year and what amount was collected, the organizers want to know whom they should
address in the campaign to promote the event: children or adults. Students will determine how
many children participated and how many adults to find out who the promotion should be
targeted.

This last year approximately 200 people participated in the event and collected 5200 RON.
The price of a ticket for a child is 20 RON and the price of a ticket for an adult is 30 RON.
Establish to whom this year's promotional campaign should be addressed.

To make the right decision, the number of participating children and the number of adults
must be determined. So, from a mathematical point of view, we have two unknowns that must
satisfy the two relationships indicated: one related to the number of participants and one related to
the amount received. If we denote by x the number of children and by y the number of adults we

x4y =200
20 4+ 30y = 52007
express x as the total number of people minus the number of adults: x = 200 — . Replacing in
the second equation we get 20(200 — 7+ 30y = 5200. We solve this equation and find
3 = 120. Then it is obvious that x = 50, Given that the number of adults is greater than that of
children, the campaign should be addressed especially to adults, either because they want to
exercise, or because they want to train their child.

Geometrically, the 2 equations of the system represent the equations of 2 straight lines.
Their point of intersection indicates the solution of the system which is uniquely determined (see
Figure 1).

To complicate and analyze the problem we have several options. For example, we can try
to make a forecast. If this year the number of participants will reach 250 persons, without
increasing the price of tickets, how many children and how many adults should participate to
have the same amount collected? In this case, only the first equations will change. We can ask
students to give the solution using the geometric representation and after to solve the system.

Or, we can slightly modify the equations to analyze other types of solutions. So, we ask the
X+ =200
20x 4+ 209 = &000
we have the same number of participants, the price for one ticket is 20 RON for children and
adults, and the revenue will be 6000 RON. From a geometric point of view, the equations will be
represented as two parallel lines (Figure 2). In this case, it is deduced that the problem has no
solutions. Afterward, it can also be checked by calculation, arriving at a relationship of the form

200 = 300 which is impossible.

And in the third option, we consider the case where the number of participants is the same,
the ticket price is still 20 RON for both children and adults, but we estimate an income of 4000
RON. In this situation, the students will notice that geometrically representing the two equations
they will get two lines confused. like this but the system does not admit a unique solution. In this
case, the system accepts multiple solutions (see Figure 3).

deduce the next two equations system: { Using the substitution method we

students to analyze the solution of the system { . That means we suppose that
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Fig.3 System with multiple solutions

Analyzing these situations, students will understand the fact that not all systems of
equations admit a single solution, that there are situations when they have multiple solutions or
situations when they do not admit a solution. Thus, students carry out a system compatibility
study.

2.3. Teaching systems in high school

Later they analyze the compatibility of a linear system of equations without solving the
problem. In high school, the number of unknowns and equations in a system will increase. In this
way, we will study systems of m equations with n unknowns. We support the avoidance of
expositive methods in teaching linear systems of equations. As the rigorous study of such types of
systems is usually done in the 11th grade, teachers consider their students mature enough for
lectures. Therefore, according to the curriculum and the textbooks, the lesson is presented
following some steps.

The teacher writes the general form of a system of n equations and n unknowns:

RPE S NPT i SERTI e . Sy
Ba1Xy + Gosds + o+ 2ay,X,, = Ha
Cn1X1 T Gz Xz + oo+ Xy = By

Next, the Cramer system is defined and it is given Cramer's rule to determine the solution
of such a system. In the next lesson, a lecture on the study of the compatibility of systems of m
equations with m unknowns should capture the students' attention. Consequently, the Kronecker-
Capelli theorem and Rouche's theorem are stated. A solution algorithm is then compiled and its
operation is exemplified. At the end of the chapter, although the teacher has taught scientifically
correct lessons, the student does not know how to apply solving algorithms and does not
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understand their usefulness. The reason lies in choosing an incorrect teaching method. The lecture
or exposition used in this case represents a traditional teaching method in which the student is
viewed as an object. Students listen to the teacher, and write everything down in their notebooks
but do not ask questions, and do not actively participate in class. They do not understand the
value and usefulness of the concepts taught. We believe that the use of interactive teaching
methods such as discovery learning, and mathematical modeling would be much more efficient in
this case. Besides the theoretical notions, they could make connections with problems from
everyday life.

High school students should be able to use the elements of algebra to describe and solve
concrete life situations. Based on these observations, we propose another way of teaching the
chapter under discussion. In the beginning, a real situation is formulated. As part of a volunteer
activity, high school students give supplies to children from village schools: pens, notebooks, and
colored pencils. All packages will be identical. Each package will contain 30 supplies and will
cost 160 RON. Knowing that a pen costs 7 RON, a notebook costs 8 RON and a colored pencil
costs 3 RON, and that it needs 2 times more notebooks than pens, determine how many supplies
of each kind a package will contain. Starting from this real situation, the mathematical model
must be formulated. In this sense, we will denote with x, y, and z the unknowns that appear in the
system: the number of pens, the number of notebooks, respectively the number of colored pencils.
Thus, the presented situation is reformulated mathematically as follows: solve the following
system of equations:

x+y+=z=230
2y —y =0

Using the substitution method already known, students substitute  from the last equation
into the first two equations and solve a system of two equations with two unknowns. Students
determine the triplet solution x = 5, ¥ = 10,z = 15.In conclusion, each package will contain 5
pens, 10 notebooks and 15 colored pencils.

In order to analyze other forms of the system, the teacher can subject to attention a slightly
modified situation. The problem is reformulated. It is considered that a pen costs 7 RON, a
notebook 4 RON, and a pencil 5 RON. The new system will be

rx+ g8y + 3z = 1a0

7x+ 4y + 5z = 140
x+ty+z=230
2x —yp =0

Using the substitution method, a system of two equations with two unknowns will be
obtained:
{15x + 5z = 140

15x + 5z = 150°
It is noted that the system is incompatible because 1&a0 = 150, Under these conditions,

such packages with supplies cannot be purchased.
One step further. If the amount for the purchase of a package is changed from 160 RON to

150 RON, then the new system is obtained: {Ei I gi i gg

system reduces to a single equation equivalent to 3x + z = 30, This equation with 2 unknowns
admits an infinity of solutions in the set of real numbers and 11 solutions in the set of natural
numbers:

Students must notice that the

(z=0x=10) {(z=3,x=%) (z=64x=8)
(z=9x=7) (z=12,x=6) {(z=15x=5)
(z=18x=4) (z=21,x=3) (z=24x=2)
(z=2%x=1) (z=30,x=0),
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Taking into account the real situation described and the fact that all packages must contain
the three types of supplies, only 9 solutions remain accepted in the set of natural numbers.
Analyzing the three situations presented, the student pays attention to the study of the system, to
the importance of analyzing its compatibility, and the teacher can begin to define the required
notions and state the theorems necessary for studying systems of linear equations. Although the
three systems have almost the same shape, we notice that one of them does not admit any solution
and another admits several solutions. Therefore, a study of the compatibility of the systems is
required. Now the statement of the Kronecker Capelli and Rouche theorems acquires a different
meaning for students.

We used this way of presentation and in the next step we described the general theory of
systems with different methods and algorithms for studying the compatibility and for getting the
solution (direct methods- elimination, substitution-, Cramer's Rule, Gauss eliminations method,
Rouche method). After this experiment, we asked again our group to solve some problems. This
time 173 gave correct solutions.

3. Application

During this research the students had to analyze the next situation:

“In a pizza shop, they want to prepare a new type of pizza with 3 types of cheese:
mozzarella, parmesan, and gouda. The price of the cheeses used for 1 kilo of pizza is 63 RON.
The cost per kilo of these cheeses is 70 RON, 60 RON, and 50 RON, respectively. The amount of
mozzarella cheese is to be twice the amount of Gouda cheese.”

They had to answer the following requirements:

a) transcribe the text of the real problem into mathematical language,

b) solve the mathematical problem find the amount of each type of cheese used for one

kilo of pizza and

¢) comment on the results obtained.

The main difficulties faced by students are the following: identifying the variables,
recognizing the hypothesis for a correct representation of the system, finding the mathematical
model for a real-life problem, and the study of the compatibility of the system.

82 could not rewrite the hypothesis as a system of equations. 35 wrote wrong equations and 83
put down a correct form for the system. But only 32 found the right solution.

In our opinion, the results were surprisingly weak. We believe that the word problem was an
obstacle to finding the solution. According to Greer (Greer, 1997) students often focus on
computing or using algebraic/ arithmetics skills, and not on reformulating the word problems. We
think the systems of linear equations are not the most difficult problems in mathematics. We
wanted to find out why these results happen, and why the students can not resolve such problems
even though they studied the systems (Table 2).
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Table 2.
. Possible . .
Questions Frequency Circular diagram
answers
DID YOUR TEACHER ASK YOU
TO SOLVE ANY REAL LIFE
PROBLEM LAST YEAR?
Did your teacher ask mves mNo
you to solve any real- | Yes 62
life problems last year? | No 138
(Yes/ No)
DID YOUR TEACHER ASK YOU TO
SOLVE ANY REAL LIFE PROBLEM
LAST YEAR?
M None MFew mMany
Have you got examples | None 30
from your teacher? Few 127
(None/Few/Many) Many 43 5%
63%
DID YOUR TEACHER
PRESENTED FIRST THE
GENERAL THEORY OF SYSTEMS
OF LINEAR EQUATIONS?
Did our teacher
M HYes HMNo mI don'tremember
present first the general | Yes 142
theory of systems of | No 38
linear equations? I don’t 20
(Yes/No/ 1  don’t | remember
remember)
71%
DESCRIBE ANY ALGORITHM
FOR SOLVING A SISTEM WITH
3 EQUATIONS AND 4
UNKNOWNS
Describe any algorithm B Correct M Incorrectfincomplete
for solving a system | Correct 43
with 3 equations and 4 | Incorrect 157
unknowns.
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The role of mathematical modeling in mathematics education is neglected by teachers and
from here it follows the weakly results in solving real problems. Consequently, we propose a
different way to present the systems of linear equations, based on examples.

4. Conclusions

The examples inspired by real life are very important in teaching mathematics. A good
example leads to the success of the didactic approach. The most important and the most difficult
activity for the maths teacher is teaching abstract notions. These are considered assimilated by the
student if he can use them in new situations. The teacher must choose examples related to real life
such as students to focus on interpretation, connections, relations, and not only on computing.

At present, in Romania, regarding the systems of linear equations, most teachers first
present the general theory and after give some examples. We consider that by first presenting
interesting examples and afterward discovering the applicability of solving systems in the
everyday life, the students will be formed into thinking correctly about the problem. Finally, the
teacher will present the general notions needed to complete the scientific knowledge. The
research can be continued with the application of the mathematical modeling method on a
representative sample of high school students, to see to what extent the ability to solve systems
changes.
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